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A novel framework is presented that can be adapted to a wide class of generic spherically
symmetric thin-shell wormholes. By using the Darmois–Israel formalism, we analyze the
stability of arbitrary spherically symmetric thin-shell wormholes to linearized perturba-
tions around static solutions. We demonstrate in full generality that the stability of the
wormhole is equivalent to choosing suitable properties for the exotic material residing on
the wormhole throat. As an application, we consider the thin-shell variant of the Ellis
wormhole for the cases of a vanishing momentum flux and non-zero external fluxes.
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1. Setting the stage
In this paper, we report and describe an extremely general, flexible, and robust
framework that can be adapted to general spherically symmetric traversable worm-
holes in 3 + 1 dimensions. We consider standard general relativity, where all of
the exotic material is confined to a thin shell.1 Furthermore, we then analyze the
stability of the thin-shell to linearized spherically symmetric perturbations around
static solutions, by choosing suitable properties for the exotic material residing on
the junction interface radius. Thus, in this novel approach, the stability is related to
the properties of the exotic matter residing on the wormhole throat. We emphasize
that the stability analysis can deal with the imposition of “external forces”, through
a momentum flux term that impinges on the shell, which is a feature that has so
far been missing from the published literature.
To outline the general formalism, consider two distinct spacetime manifolds,
namely, an exterior M+, and an interior M−, that are joined together across a
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surface layer Σ. Consider two generic static spherically symmetric spacetimes given
by the following line elements:
ds2 = −e2Φ±(r±)
[
1−
b±(r±)
r±
]
dt2± +
[
1−
b±(r±)
r±
]−1
dr2± + r
2
±dΩ
2
±, (1)
where the ± signs refer to the exterior and interior geometry, respectively.
Now, relative to the surface layer, the Lanczos equations2 provide the following
surface stress-energy components:1
σ = −
1
4pia
[√
1−
b+(a)
a
+ a˙2 +
√
1−
b−(a)
a
+ a˙2
]
, (2)
P =
1
8pia

1 + a˙2 + aa¨− b+(a)+ab′+(a)2a√
1− b+(a)a + a˙
2
+
√
1−
b+(a)
a
+ a˙2 aΦ′+(a)
+
1 + a˙2 + aa¨−
b−(a)+ab
′
−(a)
2a√
1− b−(a)a + a˙
2
+
√
1−
b−(a)
a
+ a˙2 aΦ′−(a)

 , (3)
where σ is the surface energy density, and P is the surface pressure, respectively.
These results generalize those of the earlier references 3 and 4, and closely related
gravastar models in reference 5. The surface mass of the thin shell is given by
ms(a) = 4pia
2σ. The conservation equation is given by the following relation:
d(σA)
dτ
+ P
dA
dτ
= ΞA a˙ , (4)
where A = 4pia2 is the surface area of the thin shell, and the flux term is given by
Ξ =
1
4pia
[
Φ′+(a)
√
1−
b+(a)
a
+ a˙2 +Φ′−(a)
√
1−
b−(a)
a
+ a˙2
]
, (5)
which corresponds to the net discontinuity in the momentum flux which impinges
on the shell.
In the conservation equation (4), the first term represents the variation of the
internal energy of the shell, the second term is the work done by the shell’s internal
force, and the third term represents the work done by the external forces. One can
prove this equation through brute force, by explicitly differentiating equation (2)
using equation (3). However, the conservation identity can also be obtained in a
more elegant manner by taking into account the first and second contracted Gauss–
Codazzi equations and the Lanczos equations.1–7
Note that the vanishing of the flux term Ξ is actually a quite common occurrence
in the literature. But, in full generality the flux term is non-zero, and one needs
the full version of the conservation equation.
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2. Linearised stability analysis
2.1. Equation of motion
To analyze the stability of the thin shell, it is useful to rearrange the expression of
σ(a) into the form 12 a˙
2 + V (a) = 0, where the potential V (a) is given by
V (a) =
1
2
{
1−
b¯(a)
a
−
[
ms(a)
2a
]2
−
[
∆(a)
ms(a)
]2}
. (6)
The quantities b¯(a) and ∆(a) are defined, for simplicity, as
b¯(a) =
b+(a) + b−(a)
2
, ∆(a) =
b+(a)− b−(a)
2
.
Note that V (a) is a function of the surface mass ms(a), so that it is useful to reverse
the logic flow and determine the surface mass as a function of the potential:
ms(a) = −a
[√
1−
b+(a)
a
− 2V (a) +
√
1−
b−(a)
a
− 2V (a)
]
. (7)
Thus, if we specify V (a), this tells us how much surface mass we need to put on
the junction surface, which is implicitly making demands on the equation of state
of the matter residing on the transition layer.
After imposing the equation of motion for the shell one has
σ = −
1
4pia
[√
1−
b+
a
− 2V +
√
1−
b−
a
− 2V
]
, (8)
P =
1
8pia

1− 2V − aV ′ − b++ab′+2a√
1− b+a − 2V
+
√
1−
b+
a
− 2V aΦ′+
+
1− 2V − aV ′ −
b−+ab
′
−
2a√
1− b−a − 2V
+
√
1−
b−
a
− 2V aΦ′−

 , (9)
Ξ =
1
4pia
[
Φ′+
√
1−
b+
a
− 2V +Φ′−
√
1−
b−
a
− 2V
]
. (10)
Note that the three quantities σ(a), P(a), and Ξ(a) are related by the conservation
law, so only two of them are independent.
Now consider a linearization around a static solution, a0, and a Taylor expansion
of V (a) around a0 to second order. Expanding around a static solution a˙0 = a¨0 = 0,
we have V (a0) = V
′(a0) = 0, so it is sufficient to consider
V (a) =
1
2
V ′′(a0)(a− a0)
2 +O[(a− a0)
3] . (11)
The assumed static solution at a0 is stable if and only if V (a) has a local minimum
at a0, which requires V
′′(a0) > 0. The latter condition will be our primary criterion
for the thin shell stability, though it will be useful to rephrase it in terms of more
basic quantities.
November 5, 2018 20:34 WSPC Proceedings - 9.75in x 6.5in BH4˙Lobo˙final page 4
4
2.2. Master equations
In view of the redundancies coming from the relations ms(a) = 4piσ(a)a
2 and the
differential conservation law, the relevant quantities to evaluate, at the assumed
stable solution a0, are given by m
′′
s (a) and Ξ
′′(a).
The stability condition V ′′(a0) ≥ 0 can be translated into an explicit inequality
on m′′s (a0), given by:
m′′s (a0) ≥ +
1
4a30
{
[b+(a0)− a0b
′
+(a0)]
2
[1− b+(a0)/a0]3/2
+
[b−(a0)− a0b
′
−(a0)]
2
[1− b−(a0)/a0]3/2
}
+
1
2
{
b′′+(a0)√
1− b+(a0)/a0
+
b′′−(a0)√
1− b−(a0)/a0
}
, (12)
provided b+(a0) ≥ b−(a0), which is equivalent to σ(a0) ≥ 0.
In the absence of external forces this inequality is the only stability constraint
one requires. However, once one has external forces (Ξ 6= 0), one obtains a second
constraint, given by
[4pi Ξ(a) a]′′|a0 ≤
{
Φ′′′+ (a)
√
1− b+(a)/a+Φ
′′′
− (a)
√
1− b−(a)/a
}∣∣∣
a0
−
{
Φ′′+(a)
(b+(a)/a)
′√
1− b+(a)/a
+Φ′′−(a)
(b−(a)/a)
′√
1− b−(a)/a
}∣∣∣∣∣
a0
−
1
4
{
Φ′+(a)
[(b+(a)/a)
′]2
[1− b+(a)/a]3/2
+Φ′−(a)
[(b−(a)/a)
′]2
[1− b−(a)/a]3/2
}∣∣∣∣
a0
−
1
2
{
Φ′+(a)
(b+(a)/a)
′′√
1− b+(a)/a
+Φ′−(a)
(b−(a)/a)
′′√
1− b−(a)/a
}∣∣∣∣∣
a0
, (13)
provided Φ′±(a0) ≥ 0. Note that this last quantity is entirely vacuous in the absence
of external forces, which is why it has not appeared in the literature until now.1,7
3. Applications: Thin-shell variant of the Ellis wormhole
One now “merely” needs to apply the general formalism described above when
discussing specific examples. It is perhaps instructive to consider an explicit case
which violates some of the energy conditions in the bulk. Consider, for instance,
the case given by the following shape functions: b± = R
2
±/r, which were used in
the Ellis wormhole.8
3.1. Zero momentum flux: Φ± = 0
Consider the case Φ± = 0, which implies the absence of external forces, i.e. Ξ = 0.
For this situation, (Φ± = 0 while b± = R
2
±/r), the null energy condition (NEC)
is borderline satisfied in the bulk. However, the weak energy condition (WEC) is
violated as the solution possesses negative energy densities, which is transparent
from the following stress-energy profile: ρ(r) = −pr(r) = −pt(r) = −R
2
±/(8pir
4).
November 5, 2018 20:34 WSPC Proceedings - 9.75in x 6.5in BH4˙Lobo˙final page 5
5
The stability regions are dictated by inequality (12), which yields the following
dimensionless quantity
a0m
′′
s (a0) ≥
(R+/a0)
2(
1−R2+/a
2
0
)3/2 + (R−/a0)2(
1−R2−/a
2
0
)3/2 . (14)
It can be shown that large stability regions exist for small values of R+ ≪ a0 and
R− ≪ R+. The stability regions decrease for large values of R− ≫ R+, and for
R+ ≫ a0. (We refer the reader to reference 1 for more details.)
3.2. Non-zero external forces: Φ± = −R±/r
In order to generalize the previous case of zero momentum fluxes, we now consider
a case with external forces. To this purpose, consider the following functions
Φ± = −
R±
r
. (15)
These functions imply that Φ′±(a0) > 0, so that in addition to the stability condition
given by inequality (12), one needs to take into account the stability condition
dictated by (13). The latter inequality yields the following dimensionless quantity
a30 [4piaΞ(a)]
′′
≥
(6R+/a0 − 19R
3
+/a
3
0 + 12R
5
+/a
5
0)(
1−R2+/a
2
0
)3/2
+
(6R−/a0 − 19R
3
−/a
3
0 + 12R
5
−/a
5
0)(
1−R2−/a
2
0
)3/2 . (16)
Note that as before, inequality (12) yields the dimensionless quantity given by
inequality (14). The stability regions lie above the surface where this inequality
saturates. Now, in addition to the imposition of inequality (14), the stability regions
are also restricted by condition (16),
Collecting the results outlined above, one may show that a large range of stability
regions exist for low values of R+/a0 and of R−/R+. One also verifies the absence
of the stability regions for R+/a0 → 1 and R− ≫ R+. Once again, we refer the
reader to reference 1 for specific details.
4. Conclusions
We have developed and described an extremely general and robust novel framework
leading to the linearized stability analysis of dynamical spherically symmetric thin-
shells. We have also shown that, in general, a flux term arises in the conservation
law of the surface stresses. This term corresponds to an external force due to the
net discontinuity in the (bulk) momentum flux which impinges on the shell. More
specifically, we have considered the surface mass as a function of the potential, so
that specifying the latter tells us how much surface mass needs to be placed on the
transition layer. This procedure demonstrates in full generality that the stability of
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the thin shell is equivalent to choosing suitable properties for the material residing
on the junction interface.
A subtlety in the cut-and-paste approach needs to be emphasized. In this
work, the surface energy density is always negative for the (cut-and-paste) thin-
shell traversable wormholes.1 Due to the definition of the normals on the junction
interface, as compared to working with gravastars, a few strategic sign flips arise
in the context of these thin-shell traversable wormhole configurations.1,9 Thus, the
possibility of a vanishing surface energy density exists for a wide class of thin-
shell configurations.9 In the latter context, one can also consider an alternative
approach — by matching interior spherically symmetric wormhole solutions to an
exterior vacuum geometry. Furthermore, the stability of the thin-shell to linearized
spherically symmetric perturbations around static solutions was analysed. Novel
wormhole solutions were found, that were supported by a matter content that min-
imally violates the null energy condition.9 It is interesting to note that considering
this approach, applications to gravastars have also been extensively analysed.7
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